INTRODUCTION
Both pulsed field gradient NMR and relaxation time measurements are widely used to probe the molecular displacements of liquid molecules and the geometry of the microstructures containing them in porous and biological media (1) (2) (3) (4) . In such systems the measured displacements and observed relaxation times contain information about the diffusivity within the compartments, the dimensions of the compartments, and the exchange between these compartments through semipermeable membranes (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) . If diffusion takes place in compartments separated by permeable membranes, as is the situation for most biological cells, the membrane permeability and differences in (bulk) relaxation times within the compartments strongly affect the shape of the signal attenuation plot (SAP) or the q-dependence and thus the apparent diffusion coefficient D * . Especially the effect of differences in bulk relaxation in combination with membrane permeabilities on D * has hardly been taken into consideration in literature, but clearly cannot be ignored (2, 9, 11, 14) .
Combined diffusion and relaxation time measurements and analysis, also called diffusion analysis by relaxation time separation (DARTS) (5, 13) , yield more detailed insight in the behavior of the different liquid ensembles and the microstructure (10, 12, (15) (16) (17) (18) . However, for further improvement of the experimental setup and analysis approach, and for a better understanding of the complex molecular behavior, we require adequate mathematical models to evaluate the effect of diffusion and relaxation on the observed NMR signal.
Among the broad spectrum of the reported modelling approaches, three ways are clearly distinguishable. The first approach is an analytical solution of the given partial differential equation for a certain combination of the initial and boundary conditions (11, 19) . Despite the fact that solutions in a closed analytical form are obtained, the number of analytically treated configurations is limited. Another approach consists of the detailed reproduction of every molecular movement and transformation using simulation methods (20, 21) . The position and orientation of every spin should be calculated for every time step, thus allowing the most extraordinary system configurations, but software implementation of such procedures may be very time-consuming even for simple configurations on powerful workstations. The compromised way of action is based on the numerical solution of the partial differential equation with respect to spin magnetization (6, 9, 14) . This approach ensures, on the one hand, reasonable speed of calculations and, on the other hand, the possibility to investigate rather complicated configurations. These models are generally based on the different evaluations of Fick's second law of diffusion (22) . In this way, a variety of systems with complicated configurations can be modelled by simply defining appropriate initial and boundary conditions, combined with a proper description of the shape of the pulsed magnetic field gradients (11, 19) . This approach is adopted for the model presented in this paper.
Previously, we reported a numerical model to simulate the combined diffusion and magnetization relaxation behavior in NMR experiments for planar geometries (9) . However, more realistic models should, of course, take into account the (concentric) cylindrical symmetry of many biological objects. Doing so, the effect of restricted diffusion and the possibility to circumvent a diffusion barrier by two-dimensional diffusion can be investigated. Examples of such a concentric cylindrical geometry are plant xylem vessels and blood vessels surrounded by cellular tissues, and vacuolized plant cells, in which a large inner compartment, the vacuole, is surrounded by two thin layers, the cytoplasm and cell wall. All compartments have distinct relaxation and diffusion properties and diffusional exchange between these compartments can occur (22, 23) . In this paper we demonstrate the agreement of the obtained results with results that were reported previously for cylindrical geometries and we show examples of typical differences between planar and cylindrical geometries. This approach may be of great value to understand the complicated process of exchange in biological and porous structures and is a stepstone towards even more realistic, and hence more complicated, models. Such models are necessary to understand the relation between microanatomical structure of tissues and the origin and variation of image contrast in MRI. In addition, we need such models to solve the question of how far (and in what way) combined diffusion-relaxation time measurements allow us to separate signals into a set of multicompartmental sources.
THEORY
A two-dimensional system is considered that consists of a set of concentric cylindrical compartments, each surrounded by a membrane (Fig. 1) . The ith compartment is characterized by an intrinsic relaxation time T j and diffusion constant D j as well as by a radius R j and permeability ρ j−1 and ρ j for the inner and outer membrane, except for the innermost compartment where only an outer membrane is present.
The two-dimensional spin magnetisation density S(r, ϕ, t) can be described in cylindrical coordinates by the following differential equation based on Fick's second law of diffusion, including the effect of relaxation (22) ,
, [1] where D(r, ϕ) and T (r, ϕ) are the diffusion coefficient and relaxation time, respectively, as a function of the radius and angle. Diffusion and relaxation are assumed to be constant within a particular compartment, but may differ for different compartments. Equation [1] should be supplemented by a proper set of initial and boundary conditions. Magnetization at time t = 0 takes the form S(r, ϕ, t) t=0 = f (r, ϕ), [2] where f (r, ϕ) is the spin magnetization density at time t = 0. The permeability ρ of the membranes is accounted for by boundary conditions in two dimensions and is formulated analogously to the one-dimensional case (9) . For the internal and external membranes of the jth compartment, one can then write
where
R 0 = 0, and n is the number of compartments. The outer border of the system is characterized by [4] where F(t) is the outer spin magnetization at time step t. The numerical solution of Eq. [1] with the initial condition Eq. [2] and boundary conditions Eq. [3] is based on the transformation of Eq. [1] to an equation in finite differences according to an implicit scheme (24) ,
, and the indexes m, p, and q denote time step, radius step, and angle step, respectively; φ [6] and for the angle finite difference ϕ
where D p = D(r p ), and r and φ are the radius and angle steps, respectively. The relaxation time T (r, ϕ) is assumed to be independent of the angle ϕ:
. Substituting Eqs. [6] and [7] in Eq. [1] according to the numerical scheme of Eq. [5] yields after some transformations two sets of tridiagonal linear algebraic equations: [8] and
The solutions of the tridiagonal sets [8] and [9] can be obtained by the Gauss elimination method (25) . Normally, it is supposed that the diffusion coefficient D p and the intrinsic relaxation time T p is constant within one compartment
. . , n, and each membrane is treated as an additional compartment of the length r with the diffusion coefficient ρ j r (14) .
To account for the influence of magnetic field gradient pulses as used in PFG measurements, differential equation [1] takes the form (25) [10] where g(t) describes the sequence of magnetic field gradient pulses as a function of time, and γ is the gyromagnetic ratio. In our case, g(t) is a pair of magnetic field gradient pulses with the identical amplitude G, duration δ, and opposite polarity; the distance between the leading edges of the gradient pulses is . The gradient pulses are applied along the polar axis direction (i.e., across a diameter). The finite difference scheme can be directly applied for the numerical solution of the differential equation (24) . However, when the strength of the gradient pulses is high, the phase difference between adjacent positions can be very large and in that case it is impossible to get sufficient accuracy with reasonable values for the time and space steps. In this case it is practicable to solve linear sets [8] and [9] , assuming that there are no gradient pulses, and then perform the correction for the influence of the gradient pulses, multiplying the obtained solution S * (r p , ϕ q , t m ) by a factor, characterizing the influence of the gradient pulses (14) :
SOFTWARE IMPLEMENTATION
The presented two-dimensional numerical model was implemented in C++ as an extension of the one-dimensional model [9] and inherits all advantages of that model. The time of modelling for particular two-dimensional configurations as given under Results is based on calculations on a Pentium III 550 MHz. The simulations typically yield an array of magnetization spin density as it develops in time and space for a given value of the pulsed field gradient amplitude. Several of these arrays can be compressed into a two-dimensional data set, containing the PFG and relaxation development of the entire system. Random noise was generated during the simulations to avoid fitting problems, so that in all simulations a S/N of 10,000 was reached.
RESULTS AND DISCUSSION

Comparison with Other Models
Several computations have been performed to show the correspondence between the presented numerical model and a number of analytically solved models that were published earlier.
Although spatial information is available as output of the model, all results shown here are based on the overall decay curves.
We started with a simulation of multiexponential relaxation behavior in the well-known Brownstein-Tarr model (26) for a planar and a cylindrical system, without gradient pulses. According to their theory, multiexponential relaxation arises as a consequence of an eigenvalue problem associated with the size and shape of a cell with biologically relevant dimensions; the intensity and decay times of these exponentials can be calculated from the analytical equations. To model the BrownsteinTarr system, we simulated a single planar or cylindrical compartment with a radius R 1 = 25 µm, a diffusion coefficient D 1 = 2 * 10 −9 m 2 /s, and an intrinsic relaxation time of 2 s. The relative permeability M = ρ 1 R 1 /D 1 of the boundaries was varied between M = 0.001 and M = 1000. The data were fitted with SPLMOD (27) , using five discrete exponentials, of which the largest three are plotted in Fig. 2 (symbols) . Modelling using 3000 time steps, 500 space steps, and 90 angle steps took approximately 12 minutes. The results show an excellent agreement between the Brownstein-Tarr theory (lines) and our first exponential (I 0 , T 0 ). The second and third components correspond well to the theory for higher intensities. For very low intensities of these components (M < 0.5), the relaxation times show some deviations due to fitting errors.
The results of the PFG part of the simulations were verified by comparing them with the Callaghan model (19), which describes spin behavior within a confined compartment with closed or permeable boundaries. This model uses a narrow pulse approximation, which was approached by using a very short gradient pulse (δ = 0.1 ms) with a high gradient strength. The simulated system was again a single compartment with a closed or partially permeable boundary (D 1 = 2 * 10 corresponds excellently to the Callaghan model. Calculation time was 9 minutes when using 64 gradient steps, 400 space steps, and 36 angle steps.
Effect of Cylindrical Geometry
Molecular motion within multicompartment systems (Fig. 4A) as (plant) cells or porous media will not only depend on the radius of these compartments, but in the cylindrical case also on the probability to circumvent a diffusion barrier by two-dimensional diffusion, i.e., the chance that spins in the outer compartment diffuse from one side of the system around the inner compartment to the other side of the system without passing membranes and the inner compartment. Hence, it is useful to have an understanding of the impact of the geometry on the diffusion and relaxation properties of the system. Therefore, restricted diffusion in a two-dimensional model consisting of concentric cylinders is compared with a one-dimensional system consisting of plan parallel barriers. The simulation of the echo attenuation was done in 16 PFG steps, a typical number for an experimental data set.
First, we compared two systems with cylindrical and planar geometries as shown in Fig. 4A . Both of them consist of two compartments with fully reflective walls. The inner compartment contains no initial magnetization. The diffusion coefficient of the outer compartment is D 2 = 1 * 10 −9 m 2 /s and its width R 1 = R 2 , where R 1 is the radius of the inner compartment. For the moment it was assumed that no relaxation occurred in either compartment. The resulting data set was fitted with a single exponential. The dependence of the apparent diffusion coefficient (D * ) in the planar and cylindrical configurations on the relative length of the outer compartment Fig. 4B for = 18 ms and δ = 5 ms. It is clear that especially for small values of r * , the cylindrical configuration provides a less restricted geometry for diffusion than the planar one. The reason for this is that spinbearing molecules can freely move along the angle axis, and the maximum displacement is only determined by the outer wall at an effective radius 2R 2 . When the relative length r * increases and diffusion in planar compartment becomes less restricted, the difference between the apparent diffusion coefficients for both geometries gradually disappears and D * approaches the intrinsic diffusion coefficient.
When the internal membranes of these two-compartment systems become semipermeable, the properties of the "empty" compartment start to play a role as well. We simulated the configurations where either the inner compartment ( Fig. 5A(I) ) or the outer compartment ( Fig. 5A(II) In Fig. 5B , the dependencies of the apparent diffusion coefficient D * on the relative membrane permeability M are shown, for the planar (dashed line) and cylindrical (solid line) geometry. When the outer compartment contains magnetization, an increase in relative permeability causes an increase of both apparent diffusion coefficients, though for the planar case this phenomena is more pronounced. This is because the restriction effects are stronger in the planar system when M is small, as was already shown in Fig. 4B . When the inner membrane becomes more permeable, the differences between the two systems almost disappear.
For the second configuration (Fig. 5A(II) ), the parameters remain the same, only now the inner compartment contains magnetization. In this case the apparent diffusion coefficient D * increases for both cylindrical and planar geometries (Fig. 5B(II) ), but the plateau value for high M is lower for the cylindrical geometry. In this case complete exchange between the two compartments occurs, resulting in a lower D * for the cylinder due to the larger volume of the outer compartment.
In experimental multicompartment geometries, as, for example, plant cells, usually all spins are excited, so all compartments contain magnetization. Such a system is the superposition of the two configurations examined above (Fig. 6A) . Now clearly the resulting diffusion attenuation decay shows multiexponential behavior. Hence, a biexponential fit was used to analyze the data (13) . It should be mentioned that a comparison of cylindrical and planar geometries for such a system is not absolutely correct, because the contribution of the magnetization from each compartment to the whole magnetization is not identical for different geometries, i.e., the ratio of the contributions from the outer and inner compartments equals 1 in the planar case and 3 in the cylindrical case.
For a closed membrane (M = 0) the two fitted components for the combined system should correspond to the separate apparent diffusion coefficients in Fig. 5B . As one can see from Figs. 6B and 6C, neither the diffusion coefficients nor the amplitude of these components agree to what is expected from Fig. 5B . The reason is that the diffusion attenuation is not strictly biexponential, but multiexponential, as the diffusion behavior of the spins is not the same for all positions within the compartments. Therefore, the results in Fig. 6 correspond to the best fit of the diffusion attenuation, but the values no longer correspond to the true intensities and apparent diffusion coefficients in the system. The consequence for experimental data is that multiexponential analysis of diffusion behavior cannot freely be related to the geometrical parameters of the system.
Experimentally, additional parameters as T 2 can be used to provide extra contrast to extract physiologically relevant parameters (13) . This was simulated for these two-compartment systems by introducing an intrinsic relaxation time of 2 s for the inner compartment, and 0.2 s for the outer one, which are reasonable values for a plant cell (2) . The parameters for these simulations were chosen as in an experimental PFG-CPMG experiment (DARTS) (13), i.e., a PFG part of 16 gradient steps, combined with an echo train of 1000 echoes with an interecho time of 5 ms. Calculations took 15 minutes for 120 space steps, 36 angle steps, 16 gradient steps, and 1000 time steps. The resulting two-dimensional data sets were fitted with a coupled fitting routine; first a biexponential fit was done on the relaxation part with SPLMOD, and next the fitted intensities were used to fit the corresponding diffusion fractions.
For very small M values, the fractions of the two components and the corresponding T 2 are equal to the input parameters (T 2 = 2 s and 0.2 s; amplitude = 1 : 1 for the planar and 1 : 3 for the cylindrical case) and D * corresponds to the diffusion coefficients for the separated systems in Fig. 5 (lines in Figs. 7A-7C) , in contrast to those in Fig. 6 . This clearly shows that the use of T 2 information is advantageous for discriminating different fractions in a multicompartment system. When the membrane permeability increased, the relaxation behavior evolved to an almost monoexponential decay, due to complete averaging of the two compartments. The corresponding diffusion coefficients first decrease due to averaging of the two fractions, but start to increase as soon as the relaxation decay becomes monoexponential, and, as expected, the increase is more pronounced for planar geometries. It should be noted that though a multiparameter approach is useful to discriminate compartments separated by a membrane, the fitted parameters amplitude, T 2 and D * , are no longer uniquely reflecting the properties of the different compartments when the membrane becomes reasonably permeable (M > 0.01). For instance the value of the longest T 2 component, originating from the central compartment of the model, becomes strongly dependent on those of the second compartment and the actual membrane permeability. Figure 7D shows the effect of a longer observation time (90 ms). The amplitude and T 2 fits yield exactly the same results as those for = 18 ms (symbols in Figs. 7A, 7B ). The restriction effects on D * , on the contrary, become much more pronounced. For small M, all values are decreased, though only slightly in the cylindrical outer compartment (solid line). This is a prominent illustration of the effect of circumvential motion to overcome diffusion restriction, and for M < 1 such data sets with varying observation time can be very useful for discrimination between planar and cylindrical geometries.
CONCLUSIONS
A numerical model for diffusion and magnetization relaxation behavior in PFG-CPMG NMR experiments has been extended to a two-dimensional system with concentric cylindrical geometry. The results of this model show excellent agreement with published analytical results. As an example of the relevance of a two-dimensional model, the behavior of the apparent diffusion coefficients and relaxation times in a multicompartment system with the properties of a plant cell has been modelled for both a planar and a cylindrical geometry. When the difference in diffusion coefficients is relatively small, supplementary contrast parameters as T 2 are needed to unravel the different fractions present. The difference between the obtained values of the apparent diffusion coefficients and the true ones can be explained by the influence of non-or semipermeable membranes (restricted diffusion). This restriction effect is more pronounced for planar systems than for cylindrical ones. Furthermore, the differences in diffusion coefficients between the two geometries become larger for longer observation times. Together, this clearly demonstrates the need for a two-dimensional system to be able to understand experimental results in terms of geometry.
